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A bstract

T hesystem G M M estimatorindynamicpaneldatamodelscombinesmo-
mentconditions forthedi®erencedequationwithmomentconditions for
themodelinlevels.A ninitialoptimalweightmatrixunderhomoscedastic-
ityandnon-serialcorrelation is notknownforthis estimationprocedure.
Itis commonpracticetousetheinverseofthemomentmatrixofthein-
strumentsas theinitialweightmatrix.T his paperassesses thepotential
e±ciencylossfromtheuseofthisweightmatrixusingthee±ciencybounds
asderivedbyL iuandN eudecker(1 997).

1 Introd uc tion

A stand ard prac tic e to estimate the parametersind ynamic paneld ata mod elsis

to take ¯rst d i®erencesto eliminate the correlated ind ivid ualspec ī c e®ec ts,and

estimate the d i®erenced mod elby G eneralised M ethod ofM oments(G M M ) us-

ingappropriatelylagged levelvariablesasinstruments.Asthe informationofthe

instrumentsfor the d i®erenced mod eld ec reasesasthe seriesb ecome more per-

sistent,Arellano and B over (1995) and B lund elland B ond (1997) have proposed

use ofa system G M M estimator that c omb inesthe d i®erenced equationw ith the

levelequation.T he instrumentsfor the levelequationare lagged d i®erencesof
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the variables, w hich are valid w henthese d i®erencesare uncorrelated w ith the

ind ivid uale®ec ts. B lund elland B ond (1997) show that the system estimator

hassuperior propertiesintermsofsmallsample b iasand R M SE ,espec iallyfor

persistent series.

T he G M M estimator isa tw o-step estimator. Inthe ¯rst step, aninitial

positive semid e¯nite w eight matrixisused to ob tainconsistent estimatesofthe

parameters.G iventhese consistent estimates,a w eight matrixcanb e c onstruc ted

that isconsistent for the e± cient w eight matrix,and thisw eight matrixisused

for the asymptotic ally e± c ient tw o-step estimates. It isw ellknow n, see e.g.

Arellano and B ond (1991), that the tw o-step estimated stand ard errorshave a

smallsample d ow nw ard b iasinthisd ynamic paneld ata setting, and one-step

estimatesw ith robust stand ard errorsare oftenpreferred .Although ane± cient

w eight matrixfor the d i®erenced mod elw ith errorsthat are homosced astic and

that arenot seriallycorrelated iseasilyd erived ,thisisnot the casefor the system

estimator,c omb iningd i®erencesand levelsinformation.

It iscommonprac tic e to use the inverse ofthe moment matrixofthe instru-

mentsasaninitialw eight matrix.Inthispaper the potentiale± ciencylossw ill

b e c onsid ered ina mod elw ith homogeneousand non-serially correlated errors.

To d o this,upper b ound sfor the e± c iencylossw illb e calculated asd erived by

Liuand Neud ecker (1997)b ased onthe K antorovich Inequality(K I).T heseupper

b ound sind ic ate that the e± ciencylosscould potentially b e quite severe.W hen

the variance ofthe ind ivid ualunobserved heterogeneity issmall,e± ciency can

b e gained by usinga w eight matrixthat isoptimalund er the assumptionthat

the variance ofthe unobserved heterogeneityisequalto zero.

Insec tion2 ,anAR (1) d ynamic paneld ata mod elisconsid ered and a d escrip-

tionofthe system G M M estimator isgiven.Insec tion3 the upper b ound sof

the e± ciencylossare calculated for 3and 4 time period srespec tively.Sec tion4

conclud es.
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2 M od eland System G M M E stimator

Consid er the AR (1) paneld ata spec ī c ation

yit= ® 0yit¡1 + ´i+ "it (1)

for i= 1;:::;N ,t= 2 ;:::;T,w ith N large,and T ¯xed .T he error termsfollow

the error c omponentsstruc ture inw hich

E (́ i) = 0 ; E("it) = 0 ;

E
³
"2it

´
= ¾ 2" ; E

³
´2i

´
= ¾ 2´;

E (́ i"it) = 0 ; E("it"is) = 0 ; t6= s:

T he yitseriesare assumed stationaryw ith anin̄nite time horizonand therefore

the seriescanalternatively b e w rittenas

yit=
´i

1¡® 0
+

1X

j= 0
®j0"it¡j: (2 )

T he O LS and w ithingroupsestimatorsof® 0 inmod el(1) are b iased and

inconsistent. A consistent estimator for ® 0 isthe system G M M estimator, as

proposed byArellano and B over (1995) and B lund elland B ond (1997),utilising

the follow ing(T + 1)(T ¡2 )=2 moment c ond itions1

E [(¢ yit¡® 0¢ yit¡1)(yit¡2 ;:::;yi1)] = 0 (3)

E [(yit¡® 0yit¡1)¢ yit¡1] = 0 ; (4 )

for t= 3;:::;T. M oment cond itions(3) are for the mod elin¯rst d i®erences,

utilisingappropriately lagged levelsinformationasinstruments,w hereascond i-

tions(4 ) are for the mod elinlevels,utilisinglagged d i®erencesasinstruments.

AsBlund elland B ond (1997) show , the system estimator isconsid erably more
1 U nderhomoscedasticitythereareadditionalmomentconditionsavailabletoimprovee±-

ciency,seeA hnandSchmidt(1 995).T heseextramomentconditionsarenotconsideredhere.
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e± cient thanthe trad itionalG M M estimator utilisingthe moment c ond itionsof

the d i®erenced mod elonly.

De¯ne

Z i=

2
66666666666664

yi1 0 0 ::: 0 ::: 0 0 0 ::: 0
0 yi1 yi2 ::: 0 ::: 0 0 0 ::: 0
0 0 0 ::: 0 ::: 0 0 0 ::: 0
0 0 0 ::: yi1 ::: yiT¡2 0 0 ::: 0
0 0 0 ::: 0 ::: 0 ¢ yi2 0 ::: 0
0 0 0 ::: 0 ::: 0 0 ¢ yi3 ::: 0
0 0 0 ::: 0 ::: 0 0 0 ::: 0
0 0 0 ::: 0 ::: 0 0 0 ::: ¢ yT¡1

3
77777777777775

vi= vi(® 0 ) =

2
66666666666664

¢ yi3¡® 0¢ yi2
¢ yi4 ¡® 0¢ yi3

:::
¢ yiT ¡® 0¢ yiT¡1

yi3¡® 0yi2
yi4 ¡® 0yi3

:::
yiT ¡® 0yiT¡1

3
77777777777775

;

and

fi(® 0 ) = Z 0ivi:

M oment c ond itions(3) and (4 ) implythat E(fi(® 0 )) = 0.T he G M M estimator2

b® for ® 0 minimises
"
1
N

NX

i= 1
fi(®)

#0
W N

"
1
N

NX

i= 1
fi(®)

#
;

w ith respec t to ®; w here W N isa positive semid e¯nite w eight matrix w hich

satis̄ esplim N !1 W N = W ,w ith W a positive d e¯nite matrix.R egularity c on-

d itionsare inplace such that lim N !1
1
N

P N
i= 1 fi(®) = E(f(®)) and 1p

N
fi(® 0 ) !

N (0 ;ª ):Let F (®) = E(@fi(®)=@®) and F0 ´F (® 0 ),then
p
N (b® ¡® 0 ) hasa

limitingnormald istribution,
p
N (b® ¡® 0 ) ! N (0 ;VW ),w here

VW = (F00W F0 )
¡1 F00W ª W F0 (F00W F0 )

¡1 : (5)
2SeeH ansen(1 982),O gaki (1 993).H ere,thesamenotationasinL iuandN eudecker(1 997)

isused.
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3 E ± ciencyComparisons

Asisclear from the expressionofthe asymptotic variance matrixVW , (5), the

e± ciency ofthe G M M estimator isa®ec ted by the choic e ofthe w eight matrix

W N .Anoptimalchoice isa w eight matrixfor w hich W = ª ¡1.T he asymptotic

variance matrix isthengivenby (F00ª ¡1F0 )
¡1. For any other W the G M M

estimator islesse± cient as

³
F00 ª

¡1F0
¡́1 ·(F00W F0 )

¡1 F00W ª W F0 (F00W F0 )
¡1 :

Inpaneld ata mod elsthe e± cient estimator isob tained ina tw o-step pro-

c ed ure.T he one-step G M M estimator e® isob tained usinganarb itrary w eight

matrixW N 1.Let evi= vi(e®).T he e± c ient tw o-step estimator isthenb ased on

the w eight matrix

W N 2 =
Ã
1
N

NX

i= 1
Z 0ievieviZ i

! ¡1
; plim W N 2 = ª ¡1.

Although the e± cient estimator iseasilyob tained ,there isa seriousproblem

associated w ith it asthe estimated stand ard errorsofthe tw o-step estimator

c anb e b iased d ow nw ard squite severely for mod erate sample sizesN , ashas

b eend ocumented byArellano and B ond (1991) and B lund elland B ond (1997),

w ho performed M onte Carlo simulationsw ith sample sizesN = 2 0 0.T herefore,

inference b ased onthe tw o-step estimator c anb e very unreliable.Incontrast,

the one-step estimated stand ard errorsb ased onthe asymptotic variance matrix

(5),usingW N 2 asanestimate for ª and substituting e® for ® 0,are found to b e

much lessb iased ,and inference,like Wald tests,much more reliable.Inprac tic e

therefore,one canoftenonlyrelyoninference b ased onthe lesse± cient one-step

estimator.

For the G M M estimator that onlyutilisesthe moment cond itions(3) for the

d i®erenced mod el,anoptimalw eight matrixis
³
1
N

P N
i= 1D

0
iH Di

¡́1
,w here Diis

the left upper blockofZ iand H isa (T ¡2 ) square matrixw hich has2 'sonthe
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maind iagonal,-1'sonthe ¯rst sub d iagonalsand zeroselsew here.SettingW N 1 =
³
1
N

P N
i= 1D

0
iH Di

¡́1
resultstherefore inane± cient one-step estimator.For the

system G M M estimator such ane± cient one-step w eight matrixisnot know n,

and inprac tic e one usesasaninitialw eight matrixW N 1 =
³
1
N

P N
i= 1 Z 0iZ i

¡́1
.To

assessthe potentiallossine± ciency from usingthisinitialw eight matrix, the

follow ingexpressionfor the upper b ound ofthe e± ciencylosshasb eend erived

by Liuand Neud ecker (1997,p.350 ) onthe b asisofthe K antorovich Inequality

(K I):

(F00W F0 )
¡1 F00W ª W F0 (F00W F0 )

¡1 · (̧ 1 + ¸p)
2

4 ¸1¸p

³
F00ª

¡1F0
¡́1

(6)

w here ¸1 ¸:::¸¸p are the eigenvaluesofthe matrixª W .

For T = 3, there isone overid entifyingmoment c ond ition, asthe system

estimator utilisesthe follow ingtw o moment cond itions

E [(¢ yi3¡®¢ yi2 )yi1] = 0

E [(yi3¡®yi2 )¢ yi2 ] = 0 ;

and ª isgivenby

ª = plim
1
N

NX

i= 1

"
y21 (¢ "i3)

2 yi1¢ yi2 (́ i+ "i3)¢ "i3
yi1¢ yi2 (́ i+ "i3)¢ "i3 (¢ yi2 )

2 (́ i+ "i3)
2

#

= ¾ 2"

"
2 ¾ 2y ¡(1¡®)¾ 2y

¡(1¡®)¾ 2y 2 ¾
2
´+ ¾ 2"
1+ ®

#

w here

¾ 2y =
¾ 2´

(1¡®)2
+

¾ 2"
1¡® 2

:

Further,

W 1 =
Ã
plim

1
N

NX

i= 1
Z 0iZ i

! ¡1

=
Ã
plim

1
N

NX

i= 1

"
y2i1 0
0 (¢ yi2 )

2

# ! ¡1

=
"
¾ 2y 0
0 2 ¾ 2"

1+ ®

#¡1
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and the matrixG = ª W 1 isgivenby

G =
"

2 ¾ 2" ¡(1¡® 2 )¾ 2y=2
¡(1¡®)¾ 2" ¾ 2" + ¾ 2´

#
:

Figure 1 presentsthe plot ofthefunctionbK I = (̧ G 1 + ¸G p)
2 =4 ¸G 1¸G p,w here

the ¸G 'sare the eigenvaluesofG , for variousvaluesof® 0 and ¾ 2´=¾ 2". W hen

¾ 2´ = ¾ 2", bK I isconstant for d i®erent valuesof® and equalto 4 /3, ind icating

that the asymptotic variance ofthe one-step estimator c ould potentiallyb e 33%

larger thanthe e± cient estimator.W hen¾ 2´=¾ 2" < 1,bK I isd ecliningw ith ® 0 ,

w hereasit isincreasingw ith ® 0 w hen¾ 2´=¾ 2" > 1.T he value ofbK I increasesw ith

¾ 2´=¾ 2" w hen¾ 2´=¾ 2" > 1.

[Figure 1 ab out here]

W henT = 4 ,there are 4 overid entifyingmoment c ond itions,and the matrices

ª and W 1 are givenby

ª = ¾ 2"

2
666666664

2 ¾ 2y ¡¾ 2y ¡± ¡(1¡®)¾ 2y
2¡®
1¡® ¾

2
´

¡¾ 2y 2 ¾ 2y 2 ± ¾ 2"
1+ ® ¡(1¡®)±

¡± 2 ± 2 ¾ 2y ¡ ¾ 2"
1+ ® ¡(1¡®)¾ 2y

¡(1¡®)¾ 2y
¾ 2"
1+ ® ¡ ¾ 2"

1+ ® 2 ¾
2
´+ ¾ 2"
1+ ® ¡1¡®

1+ ® ¾
2
´

2¡®
1¡® ¾

2
´ ¡(1¡®)± ¡(1¡®)¾ 2y ¡1¡®

1+ ® ¾
2
´ 2 ¾

2
´+ ¾ 2"
1+ ®

3
777777775

W 1 =

2
66666664

¾ 2y 0 0 0 0
0 ¾ 2y ± 0 0
0 ± ¾ 2y 0 0
0 0 0 2 ¾ 2"

1+ ® 0
0 0 0 0 2 ¾ 2"

1+ ®

3
77777775
;

w here

± = ¾ 2y¡
¾ 2"
1 + ®

:

Figure 2 presentsthe e± c iency b ound sfor the one-step system estimator

w henT = 4 . T he valuesfor bK I are larger thanfor the T = 3 case. W hen

¾ 2´=¾ 2" = 1,bK I isno longer constant for d i®erent valuesof® 0 ,and takesvalues

around 3,ind icatingthat the asymptotic variance ofthe one-step estimator c ould
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b e 3timesthe variance ofthe e± cient estimator.Again,bK I increasesw ith ¾ 2´=¾ 2"

w hen¾ 2´=¾ 2" > 1,and bK I reachesthe value 6w hen¾ 2´=¾ 2" = 2 :5.3

[Figure 2 ab out here]

3.1 AnO ptimalWeight M atrixw hen¾2´= 0

Anoptimalw eight matrixfor the system G M M estimator w hen¾ 2´ = 0 isgiven

by

W N ;¾ 2´= 0 =
Ã
1
N

NX

i= 1
Z 0iAZ i

! ¡1
;

w here

A =
"
H C
C 0 I T¡2

#

w ith H asd e¯ned ab ove,I T¡2 isthe id entitymatrixoford er (T ¡2 ),and

C =

2
6666664

1 0 0 0
¡1 1 0 0
0 ¡1 1 0
::: ::: ::: ::: :
0 0 0 ::: 1

3
7777775
:

U sing thisw eight matrix instead ofW N 1 =
³
1
N

P N
i= 1 Z 0iZ i

¡́1
may improve on

e± ciency w hen¾ 2´ issmall. Figures3 and 4 d isplay the valuesfor bK I w hen

W N ;¾ 2´= 0 isused inthe one-step estimator,for T = 3 and T = 4 respec tively.

Ind eed ,for smallvaluesof¾ 2´ the potentiallossine± c iencyisseento b e smaller

thanw henW N 1 isused .How ever, w hen¾ 2´=¾ 2" islarge, the potentiale± c iency

lossgetslarger for W N ;¾ 2´= 0,w hich isw hat one w ould expec t.

[Figures3and 4 ab out here]

O ne w ayto d etec t w hetheruseofW N ;¾ 2´= 0 c ould b e b ene¯c ial,w ithout ac tually

calculatingthe variancesofthe components,isto c alculate the e± ciencyb ound s
3T hevalueofbKIincreases with T as thenumberofmomentrestrictions increases.For

examplewhenT =6 and¾2´=¾2"=1 ,bKIisapproximately1 4.
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bK I for the e± ciency d i®erence b etw eenthe one-step and tw o-step estimators,

i.e.calculate bK I from eigenvaluesofthe matricesW N 2W N ;¾ 2´= 0 ,and W N 2W N 1.

Ifthe former are closer to 1 thanthe latter,thisisanind icationthat there c ould

b e ane± ciencygainfrom usingW N ;¾ 2´= 0 instead ofW N 1.

4 Discussion

U pper b ound sfor the e± c iencylossofthe one-step system G M M estimator for a

d ynamic AR (1) paneld ata mod elascompared to the e± cient tw o-step estimator,

show that the e± ciencylosscould b e quite severe w henthe w eight matrixW N 1 =
³
1
N

P N
i= 1 Z 0iZ i

¡́1
isused ,espec iallyw henT getslarge.W henthe variance ofthe

unobserved ind ivid uale®ec ts, ¾ 2´, issmall, ane± ciency gaincanb e mad e by

usinga w eight matrixthat isoptimalund er the assumptionthat ¾ 2´ = 0.

T he upper b ound sw ere show nto b e quite large,for example w henT = 4 ,

W N 1 =
³
1
N

P N
i= 1 Z 0iZ i

¡́1
and ¾ 2´=¾ 2" = 2 :5, the ratio ofthe asymptotic variance

ofthe ine± cient estimator to that ofthe e± cient estimator c anb e aslarge as

6for high valuesof® 0.InM onte Carlo stud ieshow ever,such large d i®erences

ofthe variancesare not found , usingnormaland non-normald ata generating

processes.T hiscould meanthat the K Iupper b ound s,bK I ,are too large to b e

informative for these cases.W henthe bK I are close to one,there isevid ence of

ane± c ient one-step estimator. T he opposite statement for large bK I maynot

b e true.Further research isneed ed to assessw hether the bK I are informative to

rankd i®erent one-step estimatorsonthe b asisoftheir relative K I-values.

Inempiricalsettings,one caneasily compute bK I from the eigenvaluesofthe

matrixW N 2W N 1,w here W N 2 isthe tw o-step e± c ient w eight matrix.
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Figure 1: K IE ± ciencyB ound s,T = 3;W N 1 =
³
1
N

P
iZ 0iZ i

¡́1

Figure 2 : K IE ± ciencyB ound s,T = 4 ;W N 1 =
³
1
N

P
iZ 0iZ i

¡́1
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Figure 3:K IE ± c iencyB ound s,T = 3;W N 1 = W N ;¾ 2´= 0

Figure 4 : K IE ± c iencyB ound s,T = 4 ;W N 1 = W N ;¾ 2´= 0
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